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Abstract 

This contribution is mainly based on joint papers with Lepowsky 
and Milas, and some parts of these papers are reproduced here. These 
papers further extended works by Lepowsky and by Milas. Following 
our joint papers, I explain the general principles of twisted modules 
for vertex operator algebras in their powerful formulation using formal 
series, and derive general relations satisfied by twisted and untwisted 
vertex operators. Using these, I prove new "equivalence" and "con- 
struction" theorems, identifying a set of sufficient conditions in order 
to have a twisted module for a vertex operator algebra, and a simple 
way of constructing the twisted vertex operator map. This essentially 
combines our general relations for twisted modules with ideas of Li 
(1996), who had obtained similar construction theorems using differ- 
ent relations. Then, I show how to apply these theorems in order to 
construct twisted modules for the Heisenberg vertex operator algebra. 
I obtain in a new way the explicit twisted vertex operator map, and in 
particular give a new derivation and expression for the formal operator 
Aj, constructed some time ago by Frenkel, Lepowsky and Meurman. 
Finally, I reproduce parts of our joint papers. I use the untwisted rela- 
tions in the Heisenberg vertex operator algebra in order to understand 
properties of a certain central extension of a Lie algebra of differential 
operators on the circle: the connection between the structure of the 
central term in Lie brackets and the Riemann Zeta function at neg- 
ative integers. I then use the twisted relations in order to construct 
in a simple way a family of representations for this algebra based on 
twisted modules for the Heisenberg vertex operator algebra. As a sim- 
ple consequence of the twisted relations, the construction involves the 
Bernoulli polynomials at rational values in a fundamental way. 
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1 Introduction 



This contribution is mainly based on, and partly reproduces, the recent papers 
by the present author, Lepowsky and Milas |DLMil] . [DLMi2j . These works 
were a continuation of a series of papers of Lepowsky and Milas |L3j . |L4] . 
[M1]-[M3], stimulated by work of Bloch [Bij. 

In those papers, we used the general theory of vertex operator algebras 
to study central extensions of classical Lie algebras and superalgebras of dif- 
ferential operators on the circle in connection with values of (^-functions at 
the negative integers, and with the Bernoulli polynomials at rational values. 
Parts of the present contribution recall the main results of [DLMill IDLMi2j : 
Using general principles of the theory of vertex operator algebras and their 
twisted modules, we obtain a bosonic, twisted construction of a certain cen- 
tral extension of a Lie algebra of differential operators on the circle, for an 
arbitrary twisting automorphism. The construction involves the Bernoulli 
polynomials in a fundamental way. This is explained through results in the 
general theory of vertex operator algebras, including an identity discovered in 
[DLMiH IDLMi2] which was called "modified weak associativity" , and which 
is a consequence of the twisted Jacobi identity. 

More precisely, we combine and extend methods from [L3] . |L4j . [Mlj - 
[M3j . |FLMlj . [FLM2j and |DL2j . In those earlier papers, vertex operator 
techniques were used to analyze untwisted actions of the Lie algebra P"*", 
studied in [Bl] , on a module for a Heisenberg Lie algebra of a certain standard 
type, based on a finite-dimensional vector space equipped with a nondegener- 
ate symmetric bilinear form. Now consider an arbitrary isometry v of period 
say that is, with z/^ = 1. Then, it was shown in [DLMill IDLMi2j that the 
corresponding z/-twisted modules carry an action of the Lie algebra ID^ in 
terms of twisted vertex operators, parametrized by certain quadratic vectors 
in the untwisted module. This extends a result from [FLMlj . |FLM2] . |DL2] 
where actions of the Virasoro algebra were constructed using twisted vertex 
operators. 

Still following [DLMilj IDLMi2j . we explicitly compute certain "correc- 
tion" terms for the generators of the "Cartan subalgebra" of that naturally 
appear in any twisted construction. These correction terms are expressed in 
terms of special values of certain Bernoulli polynomials. They can in prin- 
ciple be generated, in the theory of vertex operator algebras, by the formal 
operator e^^^ |FLMlj , |FLM2j , [DL2j involved in the construction of a twisted 
action for a certain type of vertex operator algebra, the Heisenberg vertex op- 
erator algebra. We generate those correction terms in an easier way, using 
the modified weak associativity relation. 

Then, the present contribution extends the works [DLMill IDLMi2j de- 
scribed above by providing a detailed analysis of the modified weak asso- 
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ciativity relation. We state and prove a new theorem (Theorem I5.ip about 
the equivalence of modified weak associativity and weak commutativity with 
the twisted Jacobi identity, and a new "construction" theorem ( Theorem I5.5p . 
where we identify a set of sufficient conditions in order to have a twisted mod- 
ule for a vertex operator algebra, and a simple way of constructing the twisted 
vertex operator map. The latter theorem essentially combines modified weak 
associativity with ideas of Li [Lill ILi2j , where similar construction theorems 
were proven using different general relations of vertex operator algebras and 
twisted modules - there may be a "direct" path from Li's construction the- 
orems to ours, but we haven't investigated this. The use of modified weak 
associativity seems to have certain advantages in the twisted case. As an 
illustration, we give a new proof that the z/-twisted Heisenberg Lie algebra 
modules mentionned above are also twisted modules for the Heisenberg ver- 
tex operator algebra. Using our theorems, we explicitly construct the twisted 
vertex operator map (Theorem 16.21) . This gives a new and relatively simple 
derivation and expression for this map, and in particular for the formal oper- 
ator mentioned above. A consequence of this is that one minor technical 
assumption that had to be made in |DLMill IDLMi2j , about the action of the 
automorphism i/, can be taken away. 

We should mention that in |KR] Kac and Radul established a relationship 
between the Lie algebra of differential operators on the circle and the Lie 
algebra 0[(oo); for further work in this direction, see |AFMOj . |KWYj . Our 
methods and motivation for studying Lie algebras of differential operators, 
based on vertex operator algebras, are new and very different, so we do not 
pursue their direction. 

Although we will present many of the main results of |DLMi2j with some 
of the proofs, we refer the reader to this paper for a more extensive discussion 
of those results. 

Acknowledgments. The author is grateful to J. Lepowsky and A. Milas 
for discussions and comments on the manuscript. 

2 Vertex operator algebras, untwisted mod- 
ules and twisted modules 

In this section, we recall the definition of vertex operator algebras, (untwisted) 
modules and twisted modules. For the basic theory of vertex operator alge- 
bras and modules, we will use the viewpoint of [LLj . 

In the theory of vertex operator algebras, formal calculus plays a funda- 
mental role. Here we recall some basic elements of formal calculus (cf. |LL] ). 
Formal calculus is the calculus of formal doubly-infinite series of formal vari- 
ables, denoted below by x, y, and by Xi, X2, ■ ■ ., yi, 1/2, • • •• The central object 
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of formal calculus is the formal delta-function 



which has the property 



for any formal series f{xi). The formal delta-function enjoys many other 
properties, two of which are: 

and 

In these equations, binomial expressions of the type (xi — X2)"', n G Z appear. 
Their meaning as formal series in xi and X2, as well as the meaning of powers 
of more complicated formal series, is summarized in the "binomial expansion 
convention" - the notational device according to which binomial expressions 
are understood to be expanded in nonnegative integral powers of the second 
variable. When more elements of formal calculus are needed below, we shall 
recall them. 



2.1 Vertex operator algebras and untwisted modules 

We recall from |FLM2] the definition of the notion of vertex operator algebra, 
a variant of Borcherds' notion [Bo] of vertex algebra: 



Definition 2.1 A vertex operator algebra (V, y, or V for short, is 

a Tj-graded vector space 

V =Yl V{n)] for V e V(„), wt V = n, 

neZ 

such that 

V{n) = for n sufficiently negative, 
dim V(„) < 00 for n G Z, 

equipped with a linear map Y{-,x): 

: V {Eyi<1V)[[x,x-^]] 

V ^ Y{v,x) = J^^nx""-^ , Vn G End V, (2.3) 
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where Y{v, x) is called the vertex operator associated with v, and two particu- 
lar vectors, 1, G V, called respectively the vacuum vector and the conformal 
vector, with the following properties: 
truncation condition: For every v,w &V 



VnW = (2.4) 



for n E Z sufficiently large; 
vacuum property: 



Y{l,x) = \y (ly is the identity on V); (2.5) 
creation property: 

Y{v,x)l eV[[x]] and limY{v,x)l = v] (2.6) 

Virasoro algebra conditions: Let 

L{n) = Un+i for neZ, i.e., Y{uj, x) = ^ L{n)x-''-^ . (2.7) 

neZ 

Then 

Yfl — TTl 

[L{m), L{n)] = (m - n)L{m + n) + cy — — — 6n+m,o ly 
form,n G Z, where Cy G C zs the central charge (also called "rank" ofV), 

L{0)v = (wt v)v 

for every homogeneous element v, and we have the L(— l)-derivative property: 

Y{L{-l)u,x) = ^Yiu,x); (2.8) 
ax 



Jacobi identity: 



1^ / ^ — ^ \ Y(^u, Xi)Y{v, X2) - Xr.^6 { — — — ] Y{v, X2)Y{u, Xi) 

\ Xq J \ -Xo J 

= x^'S Y{Y{u, xo)v, X2) . (2.9) 

An important property of vertex operators is skew-symmetry, which is an 
easy consequence of the Jacobi identity (cf. |FHLj ): 

Y{u,x)v = e''^'^~^^Y{v,-x)u. (2.10) 

Another easy consequence of the Jacobi identity is the L(— l)-bracket for- 
mula: 

[Li-l),Y{u,x)] = YiLi-l)u,x). (2.11) 
Fix now a vertex operator algebra {V,Y,l,uj), with central charge cy. 
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Definition 2.2 A (Q-graded) module W for the vertex operator algebra V 
(or V^-modulej is a Q-graded vector space, 

^ ^ II ^W' ^ ^ ^W' wt ^; = n, 

such that 

W(n) = for n sufficiently negative, 
dim W(ri) < oo for n G Q, 

equipped with a linear map 

Yw{-,x) : V {EudW)[[x,x-^]] 

V ^ Yw{v,x)^Y^v^x~''-\ eEndW, (2.12) 

where Y]y{v,x) is still called the vertex operator associated with v, such that 

the following conditions hold: 

truncation condition: For every v & V and w & W 

v^w = (2.13) 

for n e Z sufficiently large; 
vacuum property: 

Yw{l,x)^lw; (2.14) 
Virasoro algebra conditions: Let 

Lw{n) = uJ^^i for n e Z, i.e., Yw{(^,x) = Lw{n)x~'^~'^ . 
We have 

[Lw{m),Lw{n)] = {m - n)Lw{m + n) + cy — — — Sm+nfi^w, 
Lw{0)v — (wt v)v 
for every homogeneous element v e W, and 



Yw{L{-l)u, x) = -^Ywiu, x) ; (2.15) 



Jacobi identity: 



Xq^S y ^ ^^ j Yw{u,xi)Yw{v,X2) -Xq^S Yw{v,X2)Yw{u,xi) 
= x-^H {^^^^ Yw{Y{u,x^)v,X2). (2.16) 
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From the Jacobi identity fl2.16p . one can derive the weak commutativity 
and weak associativity relations, respectively: 



{Xo + Xa)'^"'"'^!^ (m, Xo + X2)Yw{v, X2)w = {xo + X2)'^"''"^1V(V'(m, xo)v, X2)w, 



where u, v & V and w G W, valid for large enough nonnegative integers 
k{u,v) and l{u,w), their minimum value depending respectively on u, v and 
on u, w. For definiteness, we will pick the integers k{u,v) and l{u,w) to be 
the smallest nonnegative integers for which the relations above are valid. 

2.2 Twisted modules for vertex operator algebras 

The notion of twisted module for a vertex operator algebra was formalized in 
[FFRj and [D] (see also the geometric formulation in |FrSj : see also [DLM] ). 
summarizing the basic properties of the actions of twisted vertex operators 
discovered in |FLMlj . |FLM2j and [L2j : the main nontrivial axiom in this 
notion is the twisted Jacobi identity of |FLM2] (and [L2]); cf. |FLM1] . 

A critical ingredient in formal calculus needed in the theory of twisted 
modules is the appearance of fractional powers of formal variables, like x^/^, p E 
Z+ (the positive integers). For the purpose of formal calculus, the object x^^^ 
is to be treated as a new formal variable whose p-th power is x. The bino- 
mial expansion convention is applied as stated at the beginning of Section [2] 
to binomials of the type (xi +X2Y^^- From a geometrical point of view, these 
rules correspond to choosing a branch in the "orbifold structure" described 
(locally) by the twisted vertex operator algebra module. 

We now fix a positive integer p and a primitive p-th root of unity 



We record here two important properties of the formal delta-function involv- 
ing fractional powers of formal variables: 



(2.17) 



(2.18) 



iOj, G C. 



(2.19) 




p-i 



(2.20) 



r=0 



and 




Xi — Xo 



) 



1/p 




(2.21) 
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The latter formula can be found (in a slightly different form) in [Li2j . For the 
sake of completeness, we present here a proof. 

Proof: The coefficient of in equation fl2.2ip is immediate. Consider 
some formal series /(x) = J2nec fn^^y fn £ C. From the formula 

{-l)\d/dxi)\xlx^'-') = {d/dx2)\xl-''x^'~'^^) 

for any s G C and k a nonnegative integer, we find that 

(-1)' {x^'fixjx,)) = {x^\x^/x,y-'f{x^/x,)) . (2.22) 

With f{x) = 5 [ujpX^^^), we use the formal delta-function property to get 
(x./x^y-'s {u;ix^/x2Y^^) = S {u;{x,/x2Y^^) 

and thus 

(^)' (^^"^ Hi^^/^^y^')) = (^)' «(x,M)^/^)) . 

(2.23) 

Summing over nonnegative integers k with the coefficients x^/kl on both 
sides, we obtain fl2.2ip . ■ 
Recall the vertex operator algebra (V, Y, 1, u) with central charge cy of 
the previous subsection. Fix an automorphism u of period p of the vertex 
operator algebra V, that is, a linear automorphism of the vector space V 
preserving ut and 1 such that 

uY{v, x)v~^ = Y{uv, x) for v eV, (2.24) 

and 

uP = ly. (2.25) 

Definition 2.3 A (Q-graded) i^-twisted \^-moduIe M is a Q-graded vector 
space, 

M =Y[ M(^n)] for V e M(„), wt V = n, 

such that 

M(n) = for n sufficiently negative, 
dim M{n) < oo for n G Q, 

equipped with a linear map 

Ym{-,x) : V (End M)[[xi/P,x-^/P]] 

V ^ Ym{v,x) =^v''^x-''-\ <GEndM, (2.26) 



where Ym{v,x) is called the twisted vertex operator associated with v, such 

that the following conditions hold: 

truncation condition: For every v & V and w & M 



for n E ^'Z sufficiently large; 



v^w = (2.27) 

ntly large; 
vacuum property: 

YMil,x) = lM; (2.28) 
Virasoro algebra conditions: Let 

LM{n) = i^n+i n eZ, i.e., Ym{uj,x) = ^ (n)a;~""^. 
We have 

[LM{m),LM{n)] = {m - n)LM{m + n) + cy — — — ^m+n,o 1m, 

Lm{0)v = (wt v)v (2.29) 

for every homogeneous element v, and 

YMiLi-l)u, x) = -^YMiu, x) ; (2.30) 

Jacobi identity: 



Xq ^6 ( — — — ] Ym{u, xi)Ym{v, X2) -Xq^6 { — — — ) Ym{v, X2)Ym{u, Xi) 
\ xo J V -^0 J 

= l^^^'^J (""^ (^^^) ^MiYiu^u,xo)v,X2). (2.31) 

Note that when restricted to the fixed-point subalgebra {u E V {uu = 
u}, a twisted module becomes a true module: the twisted Jacobi identity 
fl2.3ip reduces to the untwisted one (12.161) . by (12.201) . This will enable us to 
construct natural representations of a certain infinite-dimensional algebra 
(see Section [7]) on suitable twisted modules. 



3 Heisenberg vertex operator algebra and its 
twisted modules 

It is appropriate at this point to make these definitions more substantial by 
giving a simple but important example of a vertex operator algebra, and of 
some of its twisted modules. 



9 



3.1 Heisenberg vertex operator algebra 

Following |FLM2] . let f) be a finite-dimensional abelian Lie algebra (over C) 
of dimension d on which there is a nondegenerate symmetric bilinear form 
(■,■). Let V be an isometry of i) of period p > 0: 

(z/a, Z//3) = (a, z/^a = a 

for all a, /5 G [). Consider the affine Lie algebra ^, 

^ = n t) ® © cc, 

nez 

with the commutation relations 

[a ® , 13 ® = {a, /3)m6m+n,oC (a, /9 G f}, m, n e Z) 
[Cr^] = 0. 



Set 



n>0 n<0 



The subalgebra 

is a Heisenberg Lie algebra. Form the induced (level-one) ^-module 

S = U{h) ©i^(^+e^ecc) ^ - ^(^~) (linearly), 

where © fj acts trivially on C and C acts as 1; U{-) denotes universal 
enveloping algebra and S{-) denotes the symmetric algebra. Then S is irre- 
ducible under the Heisenberg algebra © ^~ © CC. We will use the notation 
a{n) (a G [), n G Z) for the action of a ® t" G ^ on 5. 

The induced ^-module S carries a natural structure of vertex operator 
algebra. This structure is constructed as follows (cf. [ FLM2j ). First, one 
identifies the vacuum vector as the element 1 in S": 1 = 1. Consider the 
following formal series acting on 5": 



a[x) = 

ng 



^a(ra)x " ^ (a G t)). 



Then, the vertex operator map Y{-,x) is given by 
F(ai(— ni) ■ ■ • aj{—nj)l, x) 



1 f d Y'-^ , , If N"^"' 



x: "i(^)---7:^ — TTT b:: ai(x):(3.i 



* (ni — 1)! \dx J {rij — 1)! \dx 
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for «fe G i), Uk G Z_|_, k = 1,2, for all j G N, where ; ■ ; is the 

usual normal ordering, which brings a{n) with ri > to the right. Choos- 
ing an orthonormal basis {aq\q = l,...,d} of fj, the conformal vector is 
u = I ^^^-^ Q;q(— l)Q;g(— 1)1. This implies in particular that the weight of 
a{—n)l is n: 

L{0)a{-n)l = na{-n)l (a G f), n G Z+) 

where we used 

1 

ne-Z 9=1 
p 

The isometry uont) lifts naturally to an automorphism of the vertex operator 
algebra S, which we continue to call z/, of period p. 

Then (cf. |FLM2j ). the various properties of a vertex operator algebra are 
indeed satisfied by the quadruplet (V, Y,l,uj) just defined. 



3.2 Twisted modules 

We now proceed as in |Llj . |FLM1] . |FLM2j and |DL2] to construct a space 
Slu] that carries a natural structure of i/-twisted module for the vertex opera- 
tor algebra S. In these papers, the twisted module structure was constructed 
assuming the minor hypothesis that u preserves a rational lattice in [). We 
show in Section [H] that the space Sfz/] is a twisted module, without the need 
for this minor assumption. 

Consider a primitive p-th root of unity Up. For r G Z set 

f)(r) = {a e i) \ = tOptt} C f). 

For a G (), denote by a(^r), ^ G Z, its projection on f)(r). Define the i/-twisted 
affine Lie algebra ^[z/] associated with the abelian Lie algebra f) by 

= II f)(pn) ®t"©CC (3.2) 

p 

with 

[a (g) t"", /5 (g) t"] = (a, P)m6m+nfl C (a G [}(pn) , P e i)(pm) , m,n e ^Z) 

[C,M = 0. (3.3) 

Set 

^WV = II ® t", ^M" = II f){pn) ® t"- (3.4) 

n>0 n<0 
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The subalgebra 

(,[z/]+©f][z/]-©CC (3.5) 
is a Heisenberg Lie algebra. Form the induced (level-one) ^[z/]-module 

S[u] = W(f)H) ^u{i,[u]+m,o)®cc) C - 5(f)M-) (linearly), (3.6) 

where © f)(o) acts trivially on C and C acts as 1; W(-) denotes universal 
enveloping algebra. Then S'[z/] is irreducible under the Heisenberg algebra 
hW]^ © © CC. We will use the notation a^in) (a E [)(p„), n E ^Z) for 
the action of a ® G ^[z/] on S'[z/]. 

Remark 3.1 The special case where p = 1 (u = 1,,^ corresponds to the t)- 
module S . 

The ^[i/]-module S[v\ is naturally a z/-twisted module for the vertex op- 
erator algebra S. One first constructs the following formal series acting on 

a^(x) = a"(n)x-"-\ (3.7) 

ne-Z 
p 

as well as the formal series W{v^x) for all v E S: 
W {ai{—ni) ■ ■ ■ aj{—nj)l, x) 

- W^. [Tx ) ■ ■ ■ (^^ [Tx ) ^'-'^ 

where G (}, rifc G Z+, k = 1,2, ... ,j, for all j E N. The twisted vertex 
operator map Ysiu]{-, x) acting on ^[z/] is then given by 

Ys[,]iv,x) = Wie^-v,x) (veS) (3.9) 

where A^; is a certain formal operator involving the formal variable x [FLMl] , 
|FLM2j . |DL2j . This operator is trivial on a{—n)l G 5* (n G Z+), so that one 
has in particular 

1 f d \ 

F5H(«(-n)l,x) = ^^^(^-j a^{x). (3.10) 

One crucial (among others) role of the formal operator is to make the 
fixed-point subalgebra {u\uu = u] act according to a true module action. 
For instance, the conformal vector uj is in the fixed-point subalgebra, so 
that the vertex operator Ys[y]{uj, x) generates a representation of the Virasoro 
algebra on the space 5'[z/]. This representation of the Virasoro algebra was 
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explicitly constructed in [DL2j . As one can see in the results of |DL2j and as 
will become clear below, the resulting representation lies ^ xYs[u]{i^ , x) of the 
Virasoro generator L{0) is not an (infinite) sum of normal-ordered products 
the type J2n€-z '.Ci'^{n)P'^{—n)i ; rather, there is an extra term proportional 

to the identity on Slu], the so-called correction term, which appears because 
of the operator A^^. The correction term was calculated in |DL2j using the 
explicit action of e^"" on uj. In the case of the period-2, v = —1 automorphism, 
this action is given by [FLMlj . |FLM2] : 

16^ ' 

and for general automorphism, the calculation was carried out in |DL2] (see 
also |FFR] and |FLM2] ). These results are relevant, for instance, in the 
construction of the moonshine module |FLM2] . 

The calculation of the action of A^. on arbitrary elements of S is, however, 
a much more complicated task. Below we will derive some identities among 
twisted vertex operators. One of the important consequences of these iden- 
tities, for us, will be to give a tool to explicitly construct the twisted vertex 
operators associated to elements of S from the knowledge of the twisted ver- 
tex operators associated to "simpler" elements, without requiring the explicit 
knowledge of A^;. In fact, these identities allow us to construct recursively 
twisted vertex operators associated to all elements of S and to compute A^^, 
only starting from the knowledge that A^. is trivial on a{—n)l G (n G Z+). 

4 Commutativity and associativity properties 

This section follows closely similar sections of [DLMilj and |DLMi2] . and 
reproduces the results and some of the proofs. We first recall the main 
commutativity and associativity properties of vertex operators in the con- 
text of modules r |FLM2j . [FHL] . [DTT] . jLiT] : cf. [LL]), and then we derive 
other identities somewhat analogous to these. These other identities were 
stated and proven in |DLMi2j . and the most important ones were stated in 
[DLMilj . All these identities will be generalized to twisted modules, still 
following [DLMilt IDLMi2j . Note that taking the module to be the vertex 
operator algebra V itself, the relations below specialize to commutativity and 
associativity properties in vertex operator algebras. We will give the proofs of 
the simplest identities only, referring the reader to |DLMi2j for all the proofs. 
Throughout this and the next sections, we fix a vertex operator algebra V 
and a ^-automorphism z/ of period = ly- 
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4.1 Formal commutativity and associativity for untwisted 
modules 



We already stated the weak commutativity relation fl2.17l) and the weak as- 
sociativity relation (12.181) . They imply the main "formal" commutativity and 
associativity properties of vertex operators, which, along with the fact that 
these properties are equivalent to the Jacobi identity, can be formulated as 
follows (see [LL] ): 

Theorem 4.1 Let W he a vector space (not assumed to he graded) equipped 
with a linear map Yy/{-,x) h2.12) such that the truncation condition l{2.13\) 
and the Jacohi identity 112. 1 b]) hold. Then for u, v E V and w G W , there ex- 
ist k{u, f ) G N andl{u, w) E N and a (nonunique) element F{u, v, w; xq, xi, X2) 
ofW{{xo,xi,X2)) such that 

Xq''''''"^F{u,v,w;xo,xi,X2) G l^[[a;o]]((xi, X2)), 

x}''''"'^ F{u,v,w; Xq, xi, X2) G iy[[a;i]]((a;o,X2)) (4.1) 

and 

Yw{u,Xi)Yw{v,X2)w = F{u, V, w;xi - X2,Xi,X2), 
Ywiv,X2)Ywiu,xi)w = F{u,v,w;-X2 + xi,xi,X2), 
Yw{Y{u,Xo)v,X2)w = F{u, V, w;xo,X2 + Xo,X2) (4.2) 

(where we are using the hinomial expansion convention). Conversely, let W 
he a vector space equipped with a linear map Y]y(^-,x) 112.1^) such that the 
truncation condition h2.13) and the statement ahove hold, except that k{u,v) 
(e N) and l{u,w) (e N) may depend on all three of u, v and w. Then the 
Jacohi identity l\2.16\) holds. 

It is important to note that since k{u,v) can be (and typically is) greater 
than 0, the formal series F{u^ v, w; X1—X2, Xi, X2) and F{u, v, w; — X2-I-X1, 0:2) 
are not in general equal. Along with (14. ip . the first two equations of (14.21) 
represent formal commutativity, while the first and last equations of (14.21) 
represent formal associativity, as formulated in [LL] (see also |FLM2] and 
[FHL] ). The twisted generalization of this theorem, written below, was proven 
in |DLMi2j . 

4.2 Additional relations in untwisted modules 

From the equations in Theorem 14.11 we can derive a number of relations 
similar to weak commutativity and weak associativity but involving formal 
limit procedures (the meaning of such formal limit procedures is recalled 
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below). Even though only one of these will be of use in the following sections, 
we state here for completeness of the discussion the two relations that are not 
"easy" consequences of weak commutativity and weak associativity. These 
relations were proven in |DLMi2j : we report the proofs here. 
The first relation can be expressed as follows: 

Theorem 4.2 With W as in Theorem\JJ_, 

lim ((xo + X2)'("'"')1V(>'(m, Xo)v, X2)w) = Xs)^ (m, Xi)w 

(4.3) 

for u, V ^ V . 

The meaning of the formal limit 

lim ((xo + X2)'("'"Vvi.(F(M,xo)t;,X2)w) (4.4) 

X0^-X2+Xl 

is that one replaces each power of the formal variable Xq in the formal series 
(xq + X2y^'^'^^Y\Y(Y {u, Xo)v , X2)w by the corresponding power of the formal 
series —X2 + xi (defined using the binomial expansion convention). Notice 
again that the order of —X2 and xi is important in —X2 + xi, according to 
the binomial expansion convention. 

Proof of Theorem |^.^[ - Apply the limit lim^Q^_^2+^^ to the expression 

{Xo + X2)'("'"')lV(r (m, Xo)v, X2)w 

written as in the right-hand side of the third equation of (14.21) . This limit is 
well defined; indeed, the only possible problems are the negative powers of 
X2 + Xq in F{u, V, w, Xq, X2 + Xq, X2), but they are cancelled out by the factor 
(xo + 0:2) The resulting expression is read off the second relation of (14. 2p . 

I 

Remark 4.2 It is instructive to consider the following relation, deceptively 
similar to lji4-3\ ), but that is in fact an immediate consequence of weak asso- 
ciativity l\2.18\) : 

lim ((xo + X2)'^"'"'Vvk(F(m, xo)v, X2)w) = x'/"''"''lV(-u, xi)Yw{v, X2)w. 

XQ—^X1—X2 

(4.5) 

More precisely, it can be obtained by noticing that the replacement of xq by 
Xi — X2 independently in each factor in the expression as written on the 
left-hand side of l{2.18\) is well defined. We emphasize that, by contrast, 
the relation lji4-3{ ) cannot be obtained in such a manner. Indeed, although 
the formal limit procedure limajg^.a^j+a;^ is of course well defined on the se- 
ries on both sides of Ii2.18\) . one cannot replace xq by —X2 + xi either in 
the factor Yw{u,xo + X2)Yw{v,X2)w on the left-hand side or in the factor 
Ywiyiu,xo)v,X2)w on the right-hand side of ^2.18\) . 
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The second nontrivial relation, which we call modified weak associativity, 
will be important when generalized to twisted modules. It was first written 
in [DLMilj . It is stated as: 



Theorem 4.3 With W as in Theorem\4.1 



lim ((xi - X2)'("'''Vh/(m, xi)Yw{v, X2)) 
for u, V & V. 



Xq'''''''^Yw{Y{u,Xo)v,X2) 



(4.6) 



Proof: Apply the limit lim^^ ^2:2+^0 to the expression 

(Xi -X2)''^"'''^lV(M,Xi)Fw^(f,X2) 

written as in the right-hand side of the first equation of fl4.2l) . This limit is 
well defined, since negative powers of xi — X2 in F{u, v, w; xi — X2, xi,X2) are 
cancelled out by the factor {xi — a;2)'^''"'"^. The resulting expression is read off 
the third relation of IK2\i . ■ 

Remark 4.3 Equation ( [^.gp can be written in the following form: 

{— ^1 Ywiu,xi)Ywiv,X2) ] =YwiY{u,xo)v,X2). (4.7) 

V ^0 / / 

/ \ k{u,v) 

The factor ( ) appearing in front of the product of two vertex oper- 



XO 

ators on the left-hand side is crucial in giving a well-defined limit, but when 
the limit is applied to this factor without the product of vertex operators, the 
result is simply 1. We will call such a factor a "resolving factor". Its power 
is apparent, in particular, in the proof of the main commutator formula (6.1) 
of jPLMi^ : it allows one to evaluate nontrivial limits of sums of terms with 
cancelling "singularities" in a straightforward fashion, evaluating the limit 
of each term independently. Its power will also be clear, in the present pa- 
per, when constructing the twisted vertex operator map Ys[u]{-,x) and when 
studying the algebra t)^ defined in Section\^ 



4.3 Formal commutativity and associativity for twisted 
modules 

We derive below various commutativity and associativity properties of twisted 
vertex operators. In order to express some of these properties, we need one 
more element of formal calculus: a certain projection operator (see |DLMi2] ). 
Consider the operator Pjj^^ ^-ijj acting on the space C{xo} of formal series 
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with any complex powers of Xq, which projects to the formal series with 
integral powers of Xq. 

%o,xo-]] ■■ C{xo}-C[[xo,Xo^]] . (4.8) 

We will extend the meaning of this notation in the obvious way to projections 
acting on formal series with coefficients lying in vector spaces other than C, 
vector spaces which might themselves be spaces of formal series in other 
formal variables. Notice that when this projection operator acts on a formal 
series in Xq with powers that are in ^Z, for instance on /(xq) G C[[xJ^^, Xq ""^^^j], 
it can be described by an explicit formula: 

W^]]/(^o) = ^X:( lim ^^/(x)). 

(See Remark 14.41 below for the meaning of formal limit procedures involving 
fractional powers of formal variables.) We will also extend this projection 
notation to different kinds of formal series in obvious ways. For instance, 

Again, of course, we will extend the meaning of this notation to formal series 
with coefficients in vector spaces other than C. 

The twisted Jacobi identity fl2.3ip implies twisted versions of weak com- 
mutativity and weak associativity (m, f G V^, w G M): 

{X2 - XifYuiv, X2)Ym{u, Xi) = {X2 - Xi)*=Fm(m, Xi)YMiv, X2) 

(4.9) 

-P[[xo,Xo 1]] ((2^0 + X2yYM{u, Xo + X2)Ym{v, X2)w) 
1 

= ix2 + xoy-y2iu;''-''YM{Y{iy'-u,xo)v,X2)w. (4.10) 

^ r=0 

These relations are valid for all large enough /c G N and I G ^N, their minimum 
value depending respectively on u, v and on w. For definiteness, we will 
denote these minimum values by k{u, v) and Z(-u, w), respectively (they depend 
also on the module M; in particular, they differ from the integer numbers 
k{u,v) and l{u,w) used in the previous subsection in connection with the 
module W) . As in the untwisted case, these relations imply the main "formal" 
commutativity and associativity properties of twisted vertex operators |Li2] . 
which, along with with the fact that these properties are equivalent to the 
Jacobi identity, can be formulated as follows (it was first formulated in this 
form in [DLMilj ): 
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Theorem 4.4 Let M be a vector space (not assumed to be graded) equipped 
with a linear map Ym{-,x) 112.26]) such that the truncation condition ^ 



and the Jacobi identity Ii2.31\) hold. Then for u, v & V and w G M, there ex- 
ist k{u, v) E N andl{u, w) G and a (nonunique) element F{u, v, w; xq, xi, X2) 

of M{{xo, x^^ , X2^^)) such that 

J<'^'''^F{u,v,w;xo,xi,X2) G M[[xo]]((xy^,X2^^)), 
xf^'"^F{u,v,w-xo,x,,X2) G MWxY'Mx.^xy")) (4.11) 

and 



Ym{u,Xi)Ym{v,X2)w = F{u,V,W; Xi - X2,Xi,X2), 
Ym{v,X2)Ym{u,Xi)w = F{u,V,W;-X2 + Xi,Xi,X2), 

YMiY{iy^''u, Xo)v, X2)w = lim F{u,v,w; Xq, Xi, X2) (4.12) 

for s G Z (where we are using the binomial expansion convention). Con- 
versely, let M be a vector space equipped with a linear map Ym{-,x) h2.20) 
such that the truncation condition h2.13\) and the statement above hold, except 
that k{u,v) (e N) and l{u,w) (e ^Nj may depend on all three of u, v andw. 
Then the Jacobi identity l\2.31\) holds. 

This theorem, as weU as (14. 9 p and fl4.10p . were proven in [DLMi2j . 

Remark 4.4 Formal limit procedures involving fractional powers of formal 
variables like x\^^ have the same meaning as in ^.4\), but with x\^^ being 



treated as a formal variable by itself. For instance, the formal limit procedure 

hm F{u,v,w;xo,Xi,X2) 
xY^^iui,{x2+xoy/p 

above means that one replaces each integral power of the formal variable x^^ 
in the formal series F{u,v,w]Xo,xi,X2) by the corresponding power of the 
formal series ujp{x2+XoY^^ (defined using the binomial expansion convention) . 

Remark 4.5 Note that this theorem, and in particular its proof in \DLMi^ . 
illustrates the phenomenon, which arises again and again throughout the the- 
ory of vertex operator algebras, that formal calculus inherently involves just 
as much "analysis" as "algebra": in many relations there are integers that 
can be left unspecified, except for their minimum values, and the proof in- 
volves taking these integers "large enough" . Recall that essentially the same 
issues arose for example in the use of formal calculus for the proof of the 
Jacobi identity for (twisted) vertex operators in \FLM2^ (see Chapters 8 and 
9). This is certainly not surprising, since we are using the Jacobi identity 
(for all twisting automorphisms) in order to prove, in a different approach, 
properties of (twisted) vertex operators. 
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Along with (14. lip , the first two equations of fl4.12l) represent what we call 
formal commutativity for twisted vertex operators, while the first and last 
equations of (14.121) represent formal associativity for twisted vertex operators. 
When specialized to the untwisted case p = 1 {u = ly), these two relations 
lead respectively to the usual formal commutativity and formal associativity 
for vertex operators, as described in fl4.2l) . 



4.4 Additional relations in twisted modules 

As in the case of ordinary vertex operators, one can write other relations 
involving formal limit procedures. These relations were proven in |DLMi2] : 
we report the proofs here. Among them, two cannot be directly obtained 
from weak commutativity and weak associativity. One of these, the relation 
generalizing (14. 3p . is stated as follows: 



Theorem 4.5 With M as in Theorem \4.4 

p-i 



= ^[[xux-']] {x[yM{u, X2)Ym{v, Xi)w) , (4.13) 

for all / G iz, / > l{u,w). 

Proof: This is proved along the lines of the proof of Theorem 14.21 with 
some additions due to the fractional powers. One uses the third equation of 
(14. 12p in order to rewrite the left-hand side of (I4.13p as 

/ 1 _ 

lim \ {x2 + xoY-} LuJ-''^ lim F{u,v,w]Xo,X3,X2) 

XO— y p ^ xl^^^UJ-^(x2+XoV/P 

The sum over r keeps only the terms in which X2 + Xq is raised to a power 
which has a fractional part equal to the negative of the fractional part of /. 
Multiplying by {x2 + XqY, for any I G ^Z, / > l{u,w), brings the remaining 
series to a series with finitely many negative powers of X2 (as well as Xq), 
to which it is possible to apply the limit lima-g^.a-j+j-j. This limit of course 
brings only integer powers of Xi, and the right-hand side of (I4.13P can be 
obtained from the second equation of (I4.12p . I 

Remark 4.6 A relation similar to the last one, but that is a direct conse- 
quence of weak associativity (^T7^, is 

lim ( {x2 + XoY- Y] uj~^''pYm(Y{p^u, Xq)v, X2)w 

Xo^Xi-X2 \ p ^—^ 

= Pllxr,x^']] (4>m(m, Xi)YMiv, X2)w) (4.14) 
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for all I G -Z, / > l{u,w). This generalizes ( [^.5| ) (see the comments in 
Remark \4 ■ S\ ) . It can be obtained by applying the formal limit involved in the 
left-hand side to both sides of ^.lOl ). 

The most important relation for our purposes, which was first stated in 
[DLMilj . generahzing (14.61) and which we call modified weak associativity for 
twisted vertex operators, is given by the following theorem: 



Theorem 4.6 With M as in Theorem 4-4 



lim {{xi - X2)'=("'^)Fm(u, xi)Ym{v, X2)) 

= xS^"'''VM(r Xo)v, X2) (4.15) 

for u, V & V and s G Z. 

Proof: The proof is a straightforward generalization of the proof of The- 
orem 14.31 I 

Remark 4.7 The specialization of Theorems \4-4\ O'nd \4-()\ to the untwisted 
case p = 1 and M = W gives, respectively, Theorems \4.1\ and \4.3\ 

Finally, we derive a simple relation, proved in |Li2] . that specifies the 
structure of the formal series Ym(,u,x). 



Theorem 4.7 With M as in Theorem 4-4 



lim Ym{v'u,Xi) = Ym{u,x) (4.16) 

for u eV and s G Z. 

Proof: In the Jacobi identity (I2.3ip . replace u by z/*m and x\^^ by uj^x^^^. 
The right-hand side becomes 



r+s I -^0 



X2 



Ym{Y{i'''^^U,Xo)v,X2), 



which is independent of s, as is apparent if we make the shift in the summation 
variable r \—>- r—s. Hence the left-hand side is also independent of s. Choosing 
V = 1 and using the vacuum property (I2.28p . this gives 

(^^is(^^^)^^-^s(^^l^)) lim Ym{u-^u,x,) (4.17) 



Xn i — I - Xn^S i — ] ] Ym{u, x) 



Xq / \ —Xq 

which, upon using (12.21) and taking Res^a, gives (I4.16p . 

From Theorem 14. 7[ we directly have the following corollary: 
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Corollary 4.8 With M as in Theorem 



Ym{u,x) = UnX " ^ for u & V, uu = cj^M, g G Z. 

5 Equivalence and construction theorems from 
modified weak associativity 

This section presents new results related to modified weak associativity. We 
will show, loosely speaking, that modified weak associativity (14.151) and weak 
commutativity (14.91) are equivalent to the Jacobi identity (12.311) ("equiva- 
lence theorem"). Then we will show that if the modified weak associativity 
for twisted vertex operators is valid for all pairs u, w (to be put in (I4.15P in- 
stead of the ordered pair u, v) with u & U and w & V , where [/ is a generating 
subset of a vertex operator algebra V , and if weak commutativity for twisted 
vertex operators is valid for all pairs m, v with u,v E U, then both modified 
weak associativity and weak commutativity hold for the whole vertex opera- 
tor algebra V ("construction theorem"). Similar construction theorems were 
proved by Li in the untwisted and twisted cases |LiltlLi2] (cf. |LL] ). using the 
powerful idea of "local systems of (twisted) vertex operators." Here we start 
from similar ideas but we make use of modified weak associativity discovered 
in |DLMilt IDLMi2j . in order to illustrate one of its applications. We find 
it instructive to give a direct proof of our construction theorem, although 
there may be a shorter route from Li's construction theorems. In the next 
section, our two theorems will allow us to construct in a relatively simple 
way the twisted vertex operator map for S[i>] - in particular, we will show 
how the use of modified weak associativity gives a new explicit form for the 
operator A^. - and to prove the twisted module structure for S'[z/]. We re- 
call that throughout this section, is a vertex operator algebra and u is an 
automorphism of V. 

5.1 Equivalence theorem 

It is well known in the theory of vertex operator algebras that, under natural 
conditions, the weak commutativity relation (12.171) and the weak associativity 
relation (I2.18P for untwisted modules are equivalent to the Jacobi identity 
(I2.16p . It is a simple matter to show that this statement is also true when 
weak associativity is replaced by modified weak associativity. We state this 
more generally for twisted modules (and for the twisted Jacobi identity (I2.3ip ) 
in the following theorem. 



21 



Theorem 5.1 Let M be a vector space (not assumed to be graded) equipped 
with a linear map Ym{-,x) Ii2.26]) such that the truncation condition \2.21\j 
hold. 

If modified weak associativity \-i.l5\) holds, for some k'{u,v) G N, and 
weak commutativity ^.9^ holds, for a possibly different k{u, v) G N, then we 
may change k'{u,v) (in particular, we may lower it) to k'{u,v) = k{u,v), 
and the twisted Jacobi identity h2.'jl\) holds. Also, the vector space M is a 
twisted module if, additionally, M is Q— graded and quasi-finite as in the first 
lines of Definition \2. 3\ with the L{Q) -weight property h2.29) . and the vacuum 
property Ii2.28\) holds. 

On the other hand, if the twisted Jacobi identity Ii2. 31\) holds, then modified 
weak associativity \4.15\j and weak commutativity \4.9) hold. 

Remark 5.2 Note that this theorem can be specialized top = 1, applying then 
to modules W . It can also be used to show that some vector space V is a vertex 
operator algebra; more precisely, in the definition \2.1\ the Jacobi identity can 
be replaced by modified weak associativity and weak commutativity. 

Proof of Theorem \5.1\ The last sentence of the theorem was proven aheady 
by proving modified weak associativity and weak commutativity above. 

Weak commutativity (14.91) . when both sides are apphed on an element 
w of M, and the truncation condition immediately imply the first equation 
of (14. lip , and the first two equations of (14.121) . Then, the limit on the left- 
hand side of (I4.15P with k{u,v) replaced by k"{u,v) certainly exists for all 
k"{u,v) > k{u,v), and the result is the same for any k"{u,v) that makes the 
limit exist, up to the obvious power of xo (because if all limits exist, then the 
product of the limits is the limit of the product). Since we know that this 
limit gives the right-hand side for some k'{u, v), we may change it (and lower 
it if necessary) to k'{u,v) = k{u,v). Then, writing the product of twisted 
vertex operators on the left-hand side of (I4.15P as on the right-hand side of 
the first equation of (I4.12p . we see that (I4.15P implies the third equation of 
(I4.12p . Hence, by Theorem 14.41 the twisted Jacobi identity holds. With the 
additional conditions stated in the theorem, all other parts of the definition 
(12. 3p are satisfied (in particular, the fact that is a vertex operator algebra 
implies that the Virasoro commutation relations are also satisfied, and the 
L(— l)-derivative property for vertex operator algebra (12. 8p implies, using 
(I4.15P with V = 1, the corresponding property for twisted modules (I2.30p ) 
and M is a twisted module for V. I 

5.2 Construction theorem 

Consider a generating subset U C V of the vertex operator algebra V, defined 
as follows. 
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Definition 5.3 A generating subset U G V of a vertex operator algebra is a 
subset such that all elements of V can be written as linear combinations of 
elements of the form UmVn ■ ■ ■ 1 for u,v, . . . & U and m,n, . . . E Z. 

Suppose we are able to define a twisted vertex operator map Ym{-,x) as in 
fl2.26p such that the truncation condition fl2.27p holds for all u G V, weak 
commutativity (14.91) holds for all u,v E U, and modified weak associativity 
f l4.15p holds for allu E U and v E V. Theorem 15 . 5 1 b elow along with Theorem 
15.11 tell us that this is enough to have the twisted Jacobi identity, and, with 
additional mild conditions (see Theorem 15. ip to have a twisted module. 

Remark 5.4 Theorem 15.51 of course requires us to already have a twisted 
vertex operator map Ym{-,x) on the full vertex operator algebra V. On the 
other hand, once we have the map on U only (with the properties above), it 
is easy to extend it to a map on the set of symbols of the type UmVn ■ ■ - w for 
u,v, . . . ,w E U and m,n, . . . E Z by recursive use of modified weak associativ- 
ity lji4-^5\ ) with u eU and v an element in this set of symbols. However, the 
vertex operator algebra V is the span of this set of symbols with linear rela- 
tions amongst them; these relations depend on the particular vertex operator 
algebra at hand. In order to have a twisted module, it is essential to verify 
that the map on this set of symbols is well-defined on V; that is, that it is in 
agreement with these linear relations. This is extremely nontrivial, and there 
does not seem to be yet a general theorem as to when that happens. Whatever 
these relations are, they have to imply those coming from the Jacobi identity 
(since V is a vertex operator algebra). It is possible to show that all linear 
relations coming from the Jacobi identity are satisfied by this construction. 
This is beyond the scope of the present paper, but we hope to clarify some of 
these issues in a future work. 

Note again that the theorem below and the issues discussed in the remark 
above are in close relation with results of Li |Li2j : cf. [LLj . 

Theorem 5.5 Let M be a vector space (not assumed to be graded) equipped 
with a linear map Ym{-,x) h2.20) such that the truncation condition \2.21\) 
holds. Fix a generating subset U G V , as defined in Definition \5.3[ 

If weak commutativity Iji4-^ ^■^ satisfied for allu, v E U (and fix k{u, v) E N 
to be the lowest integer that can be taken both in and in weak commu- 

tativity for the vertex operator algebra V), and if modified weak associativity 
Iji4-i5\ ) is satisfied for all u E U and for all v E V (for some k'{u, v) E N that 
may be different from k{u,v)), then both weak commutativity and modified 
weak associativity are satisfied for all u,v E V. Further, we may change 
k'{u,v) (in particular, we may lower it) to k'{u,v) = k{u,v) for u,v E V, 
and these integers may be taken to satisfy the formula 

k{uno+mV, w) = k{w, u) + k{w , v) +m (5.1) 
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for all u,v,w & V where Uq is the highest integer such that Un^v ^ 0. The 
same integers may also he taken in weak commutativity for the vertex operator 
algebra V. 

Proof: We start by showing weak commutativity (14. 9p . and the equation 
fl5.ll) . Under the assumptions of the theorem, we have, for u,v,w G U, 

{x-X2- xo)'("''"Ha; - X2)''^'"'''^Ym{w, x) ■ 

■ hm {{x^-X2)''^''^''^YM{u,x,)YM{v,X2)) 

hm {{x-Xi)'''^''"''''\x-X2)''^''"'"^Ym{w,x)- 

. {X^ - X2f'^'^'^^YM{u,X,)YM{v,X2)) 

hm {{xi-X2)^^''''"'^Ym{u,xi)Ym{v,X2)- 
x\^^^uj^{x2+xoy^p 

■ {x - xi)''^'"'''\x - X2)^^'"'^^Ym{w, x)) 

= ^ hm {{x,-X2)''^'''"^Ym{u,xi)Ym{v,X2))- 

xl'^^ui^{x2+xoy^P 

ix-X2- xo)'("''"Ha; - X2)'("''"Vm(u;, x) (5.2) 

hence 

(x - X2 - xo)'^^"'"^^; - X2)'=("'''^) Ym{w,x)Ym{Y{u-'u,xo)v,X2) (5.3) 
= {x - X2 - xof'"^''\x - X2)'^'"''''^YMiYiu-'u,xo)v,X2)YM{w,x) . 

Both sides have finitely many negative powers of Xq. Take the lowest power: 

(a; _ ^^^kM+kM Y^^^^^ x)YM{{iy~'uUv, X2) (5.4) 
= (x-a;2)'=("''")+'=("''^VM((z/-^n)„„t;,X2)rAf(ti;,x) . 

This proves weak commutativity for ah pairs UngV, w with u,v,w G U, and 
we may take k{unoV,w) = k{w,u) + k{w,v) (although we have not proven 
that this value is the minimum one for which weak commutativity is valid), 
where uq is the highest integer such that UngV ^ 0. 

The next power of in the equation (15.31) contains, on each side, two 
terms of the same type as those above: one with {v~^u)nQ+\v ^ the other with 
(z/^''u)„Qf . The terms with {y~^u)rn^v are multiplied by {x — X2)^'^^'^^^^'^'^'''"'^~^ ■, 
and those with (z/~''u)„,)+if , by (^ — X2)^^'"'"^'''^'-"'''"''. Multiplying the resulting 
equation through by x — a;2, we can use the result (15. 4p and we obtain weak 
commutativity for all pairs , w with u^v.w G U , where uq is again 

highest integer such that UuqV ^ 0. We can take kiuna+iv^w) = k{w,u) + 
k{w, v) + l. Repeating the process, we obtain weak commutativity for all pairs 
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UnV,w with u,v,w G f/ and for all n E Z, with k^Uno+mV^w) = k{w,u) + 
k{w,v) + m. Replacing v by M„f for u,v G f/ in the argument above, and 
repeating, we obtain weak commutativity for all pairs v, w with v E V and 
w E U. Finally, we can repeat the full argument above with u,v E U and 
w E V. The induction from that gives us weak commutativity for all pairs 
V, w with V E V and w E V, and in particular gives us flS.ip . 

Note that the same arguments can be used for the vertex operator Y{-, x), 
so that equation (15. ip may be taken to hold also for the k{u,v) involved in 
weak commutativity for the vertex operator algebra V. This implies that 
the integers k{u,v) involved in weak commutativity for Ym{-,x) and those 
involved in weak commutativity for the vertex operator algebra V may both 
be taken to be given by fl5.ip for all elements of the vertex operator algebra. 
We will do that for the rest of the proof. 

Note also that weak commutativity (14.91) implies, through the arguments 
of the proof of Theorem 15.11 that in modified weak associativity (I4.15P for 
u eU and v eV, which holds by assumption with some integer k'{u,v), we 
can change k'{u,v) to k'{u,v) = k{u,v). We will also do that for the rest of 
the proof. 

Next we show modified weak associativity. First note the following lemma. 

Lemma 5.6 Foru,v,w E V and (p ^ M, there exists a (nonunique) element 
F{u, V, w, (p; xq, X4, X5, xi, X2, xs) of M((xo, X4, xs, x^^, xl^^, x]/^)) such that 

Xo*-"'''^F(m, V, w, 0; xo, X4, x^, xi,X2, xs) E M[[xo]]((x4, X5, x^^, xl^^, xl^^)), 
^kMp^^^ t;, w, 0; Xo, X4, X5, xi,X2, xs) E M[[x4]]((a;o, X5, x^^, x]^^, xl^^)), 
xf''''"^F{u, V, w, 0; Xo, X4, X5, xi, X2, X3) G M[[x5]] ((xo, X4, x^^, x]^^, xj^^)j(5.5) 

and 

Ym{u, Xi)FM(f , X2)YMiw, X3)0 = F{u, V, W, 0; X1-X2, X1-X3, X2-X3, Xi, X2, X3) 

(5.6) 

where k{u,v), k{u,w), k{v,w) E N can be taken as those that appear in the 
weak commutativity relation ^.9\ ). 

This is an immediate consequence of weak commutativity (14.90 . Indeed, 
consider 

(a;^ _ x2)''^-^''Hx, - x,)''^-^'-\x2 - Xs)''^''^'"^YM{u,X,)YMiv,X2)YMiw,Xs)(j) . 

Thanks to the factor (xi — X2)^^"'''^(xi — X3)^*^"'"'^(x2 — X3)''^''''^\ the twisted 
vertex operators may be written in any order. Looking at different orders 
and using the truncation property, we see the expression has finitely many 
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negative powers of X3, finitely many negative powers of X2 and finitely many 
negative powers of Xi. This shows the lemma. 

Now, take u,v,E U and w & V, and again (p G M. From modified weak 
associativity for vertex operator algebra (14.61) (recall that the module W in 
that equation may be replaced by the vertex operator algebra itself V), which 
we will need only for the pair u,v, and from modified weak associativity for 
twisted modules, which is valid by assumption when, in (14.151) . the (ordered) 
pair u,v is replaced by the pair v,w as well as when it is replaced by the pair 
u, VnW, we have 

Ym{Y{Y{u, Xo)v, X5)w, X3)0 
/ \ kiu.v) 

lim YMiY{u,X4.)Y{v,X5)w,X3) 



k{u,v) 



lim [— -] y^x^'^'~^YM{Y{u,Xi)vnW,X'i 

-*X5+xo \ Xq J ^ 

/ \ k{u,v) / \ k{u,v„w) 

hm (^i^) Yx^-' lim 

-^X5+xo \ Xn / ^ 1 1 



XA^xi,+XQ \ Xn / ^ — ^ i i \ X4 



■Ym{u, Xi)YMiVnW, 0:3)0 

(\ k(u,v) / \ k(u,Vnw) 

X_^\ y X-^\ 

■P^-n-iYM{u, Xi)YMiY{v, X5)W, Xs)(f) 



5 



where projects onto the formal series with only the terms having the 

factor Xg""^. Observe that the lowest power of X5 is —uq — 1 where no is the 
highest integer such that VnoW 7^ 0. Continuing, we find 



Ym{Y{Y{u, Xo)v, X5)w, X3)(f) 

/ \ k(u,v) / \ k(u,v„w) 

= hm ^-±^) y lim ^-1^) 

hxn \ Xn I ^-^ 1 x\ Xa I 

k{v,w) 



XA^X^+XQ 



•P„-n-i lim ( — — — 1 Ym{u,xi)Ym{v,X2)Ym{w,X3) 



^{xz+x^) P 

k{u,v) / \ k{u,Vnw) 

lim 



Xi^x^+xa 



X2 ^{X3+X5)P 



nez xf ^{x3+X4,)P 
k(v,w) 



•P^-n-i lim [— —] F{u, V, W, (j);Xi - X2,Xi - X3,X2 - X3,Xi,X2,X3) 
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(\ k(u,v) / \ k(u,Vn'w) 

P^-n-iF{u, V, w, 0; xi - X3 - X5, xi - X3, X5, xi, X3 + X5, X3) . 



Using the particular value of k{u,Vnw) given by (15.11) . we can continue eval- 
uating the limits: 

YMiY{Y{u, Xo)v, X5)W, X3)(j) 

(\ k(u,v) 
I F{u, V, w, 0; X4 - X5, X4, X5, X3 + X4, X3 + X5, X3) 

= V, w, (f); Xq, X5 + xo, X5, X3 + X5 + xo, X3 + X5, X3) . (5.7) 

Now, consider the following formal series, and use similar arguments as 
those above in order to evaluate it: 



— I YuiUnV, X2)Ym{w, X3)(j) 

— I P^-r.-iYM{Y{u, Xq)v, X2)Ym{w, X3)0 



Elim 
1/d , 



^ k{UnV,w) 

X2- X3' ' 



k(u,v) 



••0 



•P-n-i lim ( ^^^^^ — —] YM{u,Xi)YM{v,X2)YM{w,X3)(j) 



Elim 
l/v , . 



^ k(UnV,w) 

X2- X3' ^ 



■P^-r^-^ lim ( ) F(m,V,W,0;Xi - X2,Xi - X3,X2 - X3,Xi,X2,X3) 

° xl^P^ixi+xor/P \ Xo J 



Elim 
l/v , . 



, k(UnV,w) 

X2 - X3 ^ ' 



■P^-n-iF{u, V, w, 0; Xo, X2 + Xo - X3, X2 - X3, X2 + Xo, X2, X3) 

= F{u, V, W, 0; Xq, X5 + Xq, X5, X3 + X5 + Xo, X3 + X5, X3) . (5.^ 

Comparing with (15. 7p . and taking any fixed power of Xq, we have 

\ k(u„v,w) 
X2 - X3 ^ ' 



YM{Y{UnV,X5)w,X3) = lim YM{UnV,X2)YM{w,X3)(f) 

^Vp^(^3+^.5)1/p \ X5 J 

(5.9) 
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This is modified weak associativity fl4.15p for s = and for the pairs UnV,w, 
for all n G Z. It is a simple matter to compare, instead, the expression 

YMiY{u''Y{u, Xo)v, X5)w, xs)(f) 

with the expression 



using similar steps, and using the fact that u is an automorphism of V. We 
obtain modified weak associativity f l4.15p for arbitrary s G Z and for the pairs 
UnV, w, for all n G Z. 

Repeating the argument with v replaced by UnV for all m G f/ and for all 
n G Z, and so on, we find modified weak associativity for all pairs v,w with 
V & V and w & V. This proves the last part of the theorem. ■ 

Remark 5.8 As usual, it is possible to specialize the theorems above to the 
case p = 1 in order to obtain theorems applying to untwisted modules. 

Remark 5.9 In the theorem above (in close relation with theorems of JLi^ ). 
concerned with twisted modules for vertex operators algebras, we assumed the 
existence of a vertex operator algebra V. With slight adjustments, the the- 
orem can be made into a construction theorem for vertex operator algebras 
themselves, in relation with constructions of JLilf (a more complete construc- 
tion theory, the representation theory of vertex operator algebras of JLil^ . is 
explained at length in ILLf . cf. Theorems 5.7.6, 5.7.11 for instance). 

6 Proof of the twisted module structure for 
Slu] and construction of the twisted vertex 
operator map 

The twisted module structure of 5'[z/], for the vertex operator 5", was es- 
tablished in |Llj . |FLMlj . |FLM2j and [DL2j (assuming that v preserves a 
rational lattice in ()). In this section, we present a new proof of the twisted 
module structure of S[v\ (which does not require this minor assumption), and 
we construct explicitly the twisted vertex operators using modified weak as- 
sociativity (and in particular, we calculate the explicit form of A^^ in a simple 
way). 

Starting from f l3.10p . we will construct the twisted vertex operator Ys[u]{u, x) 
for all M G 5. As stated above, it is usual in studying vertex operator algebras 



28 



to construct vertex operators associated to elements of the vertex operator 
algebra from vertex operator associated to "simpler" elements, by using asso- 
ciativity. However, for twisted vertex operators, the natural weak associativ- 
ity fl4.10p . that is immediately obtained from the Jacobi identity, is somewhat 
complicated by the projection operator and hides the simple structure of the 
construction. On the other hand, the modified weak associativity fl4.15l) is 
simpler, especially when written in the form (specialized for convenience to 
s = 0) 

' X X \ ^^^^^^ 

Ym{Y{u,xo)v,X2) = lim I ( -] Ym{u,xi)Ym{v,X2) 



(6.1) 

In order to better understand this formula, note that, as remarked in Remark 

14.31 the pre-factor f ^^^^'^ ) gives exactly 1 when the limit procedure 
lim i/p , , is applied on it alone. The formula above cannot be simpli- 
fied by replacing this pre-factor by 1, however, because the limit is not well 
defined on the other factor Ym{u,xi)Ym{v,X2) alone. The construction prin- 
ciple will be to replace this product of vertex operators by a normal-ordered 
product plus extra terms. On the normal-ordered product, the limit is well 
defined, so that the pre-factor multiplying the normal-ordered product can 
be set to 1. 

It is immediate to see that the set U = {l,a{—l)l\a G I)} is a generating 
subset for the vertex operator algebra S. Hence, in the proof of the twisted 
module structure of ^[z/] using Theorems 15.51 and 15.11 we need first to prove 
weak commutativity (14.91) (and it turns out that it holds with k{u, v) = 
2 - the integer k{u,v) = 2 is the one involved in the corresponding weak 
commutativity for the vertex operator algebra S) for the operators defined 
by (I3.10p with n = 1. Then, we need to construct explicitly the map Ys[u]{-, x) 
for all elements of S recursively by using modified weak associativity. Finally, 
we need to check modified weak associativity (I4.15P foiuEU and v & V. All 
other requirements of Theorem 15. II are immediate to see from the construction 
of Section [31 

Theorem 6.1 The operators Ii3.10\) with n = 1 satisfy weak commutativity 
with k{u,v) = 2. 



Proof: We have 

a''{xi)f3''{x2) = :a''{xi)(3''{x2): + h{a, /3, xi, X2) (6.2) 

with 

h{a, P,xi,X2) = ^ x]"™"^x™"^m(a(mp),/3) 

me-Z,m>0 
p 
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E - , ' \7 {'^ir),P). (6.3) 



r=l 

It is a simple matter to see that 



P ~ 

(xi - X2fh{a, P, X,, X2) = E f- V + («(.),/?) . (6.4) 

^ V^iy v p PX2J 

is equal to (xi — X2f'h{(3, a, 2:2, xi), using (/9(r), a) = (Q;(_r), Hence 

{x,-X2f[a%x,),l3%X2)] = Q 

which proves the theorem. I 

Theorem 6.2 The space S[v\ has the structure of a twisted module for the 
vertex operator algebra S. The general form of the twisted vertex operator 
Ys[u]{u,x), for any element u of the vertex operator algebra S, is: 

Ys[u]{oij{-nj) ■ ■ ■ai{-ni)l,x) (6.5) 

ni-l 



Jc{i,...j} leJ 

with rii, . . . ,nj G 2+, for some factors fi{x), where we just write the depen- 
dence on the index set I, but that really depend on the elements ai and the 
integer numbers Ui for alii El I. The set J on which we sum takes the values 
(the empty set), {!,..., j} (if it is different from ), and all other proper 
subsets o/{l, . . . , j} (if any). The factors fi{x) are given by 

|/| odd 

1^1/2 

sePairings(/) /=1 

where \I\ is the cardinal of I , where Pairings(J) is the set of all distinct 
sets s = {si, . . . , S|/|/2} of distinct (without any element in common) pairs 
Si = {ii,i'i) (where the order of elements is not important) of elements ii 7^ 
of I such that {ii, . . . , i\i\/2, i'l, ■ ■ ■ , "^1/1/2} ~ -^7 ^'^^ where 

9{i,i'){x) ^ g{ai,ni,ai',ni',x) (6.7) 

with 



g{a,m,p,n,x) ^ Rbs^^Rbs^^Xq^'x^'^ V I — ■ — - ] (a^r) , P) ■ 

^\x + Xo/ {xo-X2y 

(6.8) 
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Proof: Clearly, for j = and j = 1 the form fl6.5l) is consistent with 
modified weak associativity and well defined on S, and we must have f0{x) = 
1 and //(x) = if |/| = 1. Assume (16.51) to be valid for j replaced with j — I. 
With k a nonnegative integer large enough and ni, . . . , rij G Z+, we have 

Ys[u]{aj{-nj) ■ ■ ■ ai{-ni)l, x) (6.9) 
= ReSa,oa;o"'Ys[^](r(aj(-l)l,Xo)aj-i(-rij-i) ■ ■ ■ ai(-ni)l, x) 



ReSa:QXo ^ lim 



X — X ' ^ 



Ys[u]{aj{-l)l,xi)Ys[u\{aj^i{-nj^i) ■ ■ ■ ai(-ni)l, x) 



ReSajgXg lim 



k 



Jc{i,...,j-i} leJ ^ '■ ' ^ ^ 

Now, using the commutation relations (13.31) . it is a simple matter to obtain 



/ d \ "'-1 



ieJ ^ ^ «eJ\{i} 
with /i(a, /?, xi, X2) defined in (16.31) . Note that, comparing with (16. 8p . we have 

(( X\ — X \ ^ 
I ReSa;2X2 "/i(a, xi, X+X2) 

V 2:0 / 

(6.10) 

Using the relation 

1 ( 



{n-l)\ \d^) ^^""^ ^ Res,.,X2 "/(x + X2) (6.11) 

for formal series /(x) with finitely many negative powers of x and for n G Z+, 
we can now evaluate the limit and the residue on the right-hand side of the 
last equality of (16.91) : 

^s[v]{oij{-nj) ■ ■ ■ai(-ni)l,x) (6.12) 
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J2 

JC{l,...,i-l} 

n, — 1 -I / 7 \ n; — 1 



ieJ zeJ\{i} 

This is still of the form fl6.5p . Moreover, it is simple to understand, from 
comparing (16.121) with fl6.9p . that the solution (16.61) is correct. 

This construction certainly gives us a map Ys[u]{-,x) on the vector space 
S ~ S{^^). We need to verify that this map satisfies modified weak associa- 
tivity (14.151) . This requires three steps. 

First, we need to check that operators on the right-hand side of (16. 5p are 
independent of the order of the pairs (ai, ni ),..., (oj, n^) for any positive 
integers rii, . . . ,nj and any elements ai, . . . , ctj of fj. The sum over pairings 
has this symmetry, and we need to check that 

g{a, m, /3, n, x) = g{P, n, a, m, x). (6.13) 

This is not immediately obvious, because, by the binomial expansion conven- 
tion, (xo — X2)~'^ 7^ {x2 — Xo)~^). This symmetry can indeed be checked: 

g{a,m, l3,n,x) — g{P,n,a,m,x) (6.14) 

p 

= ReSa;QReSa;2 2Jo "^2 ^ ^ ' 

r=l 

r 

X + Xq J \ p p X + X2 J \{xo - X2)'^ {x2-XoyJ ' 

p 



ReSjjoReSjjjXg X2 ^ ^ 



r=l 



x + X2\^ r rx + Xo\ _i 9 ^ f X2 \ , ^> 



X + Xq / V P PX + X2J 0X2 \Xo, 

=0 (6.15) 

where in the last step, we moved the derivative towards the left using 
Leibniz's rule, and we used the formal delta-function property and the fact 
that m, n G Z+. 

Second, we need to check that modified weak associativity (14.151) with 
Ys[v]iX{.Cij{— 1)1, XQ)aj-i{—nj^i) ■■■ ai{—ni)l,x) for its left-hand side is in 
agreement, at negative powers of xq, with 

Ys[y]{aj{nj)aj-i{-nj_i) ■ ■ ■ ai{-ni)l,x) = (6.16) 
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i-1 

^'^j5nj,n,(aj,ai)ysM("j-i(-^i-i) " ■ ■"^(-^i) ■ ■ ■ ai(-ni)l, x) 

for rij G N (the nonnegative integers) where ««(— rij) means that the operator 
Cii{—ni) is omitted. Repeating the derivation ( 16. 9p . ( ]6.12p . we see that this is 
equivalent to requiring (with the definition (16. 8p ) 

g{a,-m,P,n) = m6m,n{a,P) (6.17) 

for m G N, n G Z+. This is a consequence of the fact that 

/x + a;2V 1 - -5 + 1 _ 

^ ^y^ = 7 r^ + Ca;o,X2,x^ (6.18) 

\X + XoJ {Xo-X2y {X0-X2)'' 



for any s G C. The quantity 



X + Xo J {xo - ^2)^ (xo - X2)^ 

obviously has only nonnegative powers of X2 and nonpositive powers of x. On 
the other hand, it is equal to 



2 



X + XoJ (x2-Xo)2 (X2-X0) 



X + Xq J \ X + X2 J J 3X2 \Xq 

The first two terms obviously have only nonnegative powers of xq. The third 
term can be evaluated using Leibniz's rule and gives zero. This completes the 
proof of (EIH]). 

Third, the structure of the construction of Section [3] shows that (14.151) is 
valid as well for s 7^ (equation (14.161) is satisfied). 

The other requirements of Theorems 15.11 can be checked from the con- 
struction of Section [31 and with Theorems 15.51 and 16.11 this completes the 
proof. I 

Finally, let us mention that formula (16.51) with (16. 6p immediately leads to 
the following formula for the operator A^. introduced in (13. 9p : 

tto, (^7^)q;o„(?t.) , s / N 

where we recall that a^, q = 1, . . . ,d form an orthonormal basis of t). This 
was first constructed, in a different form, in jFLMlj and [FLM2j . 
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7 The Lie algebra V 



We will now apply modified weak associativity and the results of the previous 
section, that 5'[z/], constructed in Section[3], is a twisted module for the vertex 
operator algebra S, in order to study a certain infinite-dimensional Lie algebra 
T>^ and its representations. This follows closely the results of |DLMilj and 
|DLMi2j . and does not give new results with respect to these works. 

Let T> be the Lie algebra of formal differential operators on spanned 
by t^D^, where D = t and n E Tj, r ^ N (the nonnegative integers). 
This Lie algebra has an essentially unique one-dimensional central extension 
"D = Cc © "D (denoted in the physics literature by Wi+oo)- 

The representation theory of the highest weight modules of V was initiated 
in |KRj . where, among other things, the complete classification problem of 
the so-called quasi-finite representation^] was settled. The detailed study 
of the representation theory of certain subalgebras of T> having properties 
related to those of certain infinite-rank "classical" Lie algebras was initiated 
in |KWY] along the lines of |KRj . In [Bl] and |M2] . related Lie algebras 
(and superalgebras) are considered from different viewpoints. As in |DLMil[ 
IDLMi2j . we will follow these lines and concentrate on the Lie subalgebra 'D'^ 
described in [Bl] and recalled below. 

View the elements t"'D^ (n G Z, r G N) as generators of the central 
extension T). They can be taken to satisfy the following commutation relations 

(cf. my- 

[rf{D)X9m = 

t^+n^f{D + n)g{D) - g{D + m)f{D)) + m{t"^ f{D),eg{D))c, 

where / and g are polynomials and \E' is the 2-cocycle (cf. [KR] ) determined 
by 

m 

^{rf{D),e9m = -^{eg{D),rfiD)) = 6^+n,oY,fH)g{m-z), m > 0. 

i=l 

We consider the Lie subalgebra of V generated by the formal differential 
operators 

= (-l)^+lD"(^D)D^ (7.1) 

where n G Z, r G N [BIJ. The subalgebra P+ has an essentially unique central 
extension (cf. [N]) and this extension may be obtained by restriction of the 
2-cocycle \l/ to V^. Let P"*" = Cc © be the nontrivial central extension 
defined via the slightly normalized 2-cocycle — and view the elements 

^These are representations with finite-dimensional homogeneous subspaces. 



34 



Ln'^ as elements of T)^ . This normalization gives, in particular, the usual 
Virasoro algebra bracket relations 

[Lt\ 4°^] = {m- n)L^X + ^^^^^n.-fn,o c. (7.2) 

In jB^ Bloch discovered that the Lie algebra T>^ can be defined in terms of 
generators that lead to a simplification of the central term in the Lie bracket 
relations. Oddly enough, if we let 

= + ^C(-l - 2r)5„,oC, (7.3) 
then the central term in the commutator 

[Lt\L^^ = E at\m, n)L^^^ + ^^^^^^ ^ 

j=min(r,s) 

(7.4) 

is a pure monomial (here af''^\m,n) are structure constants), in contrast to 
the central term in (17. 2p and in other bracket relations that can be found 
from (17.11) . As was announced in |L3j . |L4j and shown in |DLMi2] . in order 
to conceptualize this simplification (especially the appearance of zeta- values) 
one can construct certain infinite-dimensional projective representations of 
using vertex operators. 

Let us explain Bloch's construction [Bl]. Consider the Lie algebra i) in- 
troduced in Section [3l and its induced (level-one) module S. Then the corre- 
spondence 

1 

4'^ ^ 2 5Z5Z^"(^~-^')'':"'?^-^')"'?^^~-^')-* (^ez),cH^rf, (7.5) 

q=l jez 

where we recall that {a,} is an orthonormal basis of (} and ; ■ ; is the usual 
normal ordering, gives a representation of V^. Let us denote the opera- 
tor on the right-hand side of (17. 5p by L^^\n). In particular, the operators 
L^^\m) (m G Z) give a well-known representation of the Virasoro algebra 
with central charge d, 

[L(°)(m), L(°)(n)] = (m - n)L'^'\m + n) + d "I^^ s,r.+n,o, 

and the construction (17. 5p for those operators is the standard realization of 
the Virasoro algebra on a module for a Heisenberg Lie algebra (cf. jFLM2] ). 

Without going into any detail, let us mention that Bloch [BIJ also studied 
certain natural graded traces using this representation of Lq \ and found that. 
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as in the well-known case of the Virasoro algebra r = 0, they possess nice 
modular properties. 

The appearance of zeta-values in (17. 3p can be conceptualized by the fol- 
lowing heuristic argument |Blj : Suppose that we remove the normal ordering 
in (17. 5p and use the relation [ag^m) , dq{—m)] = m to rewrite Q;g(m)aq(— m), 
with m > 0, as aq{—'m)aq{'m) + m. It is easy to see that the resulting expres- 
sion contains an infinite formal divergent series of the form 

A heuristic argument of Euler's suggests replacing this formal expression by 
C(— 1 — 2r), where ( is the (analytically continued) Riemann ^-function. The 
resulting (zeta-regularized) operator is well defined and gives the action of 
Ln^; such operators satisfy the bracket relations (I7.4p . 



7.1 Realization in S: zeta function at negative integers 

In order to understand the appearance of the zeta function at negative inte- 
gers using the vertex operator algebra S, following |L3t IL4t IDLMill IDLMi2] , 
we need to introduce slightly different vertex operators. Consider a vertex 
operator algebra V. The homogeneous vertex operators are defined by 

X{u,x) = (ueV) . (7.6) 

The most important property of these operators, for us, is the homogenous 
version of modified weak associativity: 

lim n ^ - iV ' ^ X{u, xi)X{v, X2) I = (e^ - 1)'^"'"^ X{Y[u, y]v, X2) 

xi^eyx2 \\X2 J I 

(7.7) 

for u,v ^ V, and k{u, v) as in Theorem 14. 3[ Interestingly, in this relation, yet 
a new type of vertex operator appears: 

Y[u, y] = F(e^^(°)M, - 1) {u e V) . (7.8) 

This vertex operator map generates a vertex operator algebra that is iso- 
morphic to V, and geometrically corresponding to a change to cylindrical 
coordinates. Those properties were proven in [ZH IZ2j . 

Consider the vertex operator algebra S. Recall that the Virasoro gener- 
ators L{n) acting on 5* are given by the operators on the right-hand side of 
(17.51) with r = 0. It is a simple matter to verify that X{a{~l)l,x) = a{x), 
with 

= ^a(n)x~" . (7.9) 

ngZ 
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Consider now the following formal series, acting on S: 



Ly^'y^x) = X (^^Y^Y[a,{~l)l,y,~y2]a,i~l)l,ey^x^ . (7.10) 



By (17. 7p . we have 



1 1 1 ^ey^'y^ — 1 

L--(x.) = 2,lim^E ( \^ly.-y.-l ) ) (7.11) 

for any fixed A; G N, k > 2. Using 

d d Q 

^aq{ey^Xi)aq{ey^X2) = ^ :ag{ey'xi)ag{ey'x2) : - I i _ 21 -y.+y^ 

q=l q=l \ XI 

we immediately find that 

Defining the operators U^''^^{n), ri, r2 G N, n G Z via 

ngZ, ri,r2 GN 

it is simple to see, using (17. 5p . that the correspondence 

^ (^), c^d (7.14) 

for n G Z, r G N gives a representation of the generators (17. 3p of the alge- 
bra T)^ . Recall that these generators were introduced by Bloch in order to 
simplify the central term in the commutation relations. 

As was shown in |DLMi2] . from the expression (17.111) of the formal se- 
ries Ly^'y'^{x), involving formal limits, it is a simple matter to compute the 
following commutators, first written in [L3j: 

[Ly"y^xi),Ly^'y^{x2)] (7.15) 
- (51) + L-y~ix2)s (^) 



Ly^'y^x) = I + L^'''\n)x-y^ , (7.13) 
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As was announced in |L3l IL4j and explained in [DLMi2j . a simple analysis 
of this commutator shows that the central term in the commutators of the 
generators (17.141) is a pure monomial, as in (17.41) . This gives a simple explana- 
tion of Bloch's phenomenon using the vertex operator algebras 5*. Moreover, 
the definition (I7.10p says that the operators ^^^'^^(a;) represent on V the im- 
age of some fundamental algebra elements of V under the transformation 
to the cylinder. These fundamental elements, being closely related to the 
Virasoro element u, can be expected, when transformed to the cylinder, to 
lead to graded traces with simple modular properties, in agreement with the 
observations of Bloch [Blj . 

7.2 Representations on S[u]: Bernoulli polynomials at 
rational values 

Following [DLMiH IDLMi2j , we will now construct a representation of on 
Slu]. The property that a twisted module is a true module on the fixed- 
point subalgebra will be essential below in this construction. This property 
is guaranteed by the operator A^^ that we calculated above (I6.19p . In order 
to have the correction terms for the representation of the algebra on 
the twisted space 5'[z/], one could apply e^=" on the vectors generating the 
representation of the whole algebra T>~^. This can be a complicated problem, 
mainly because generators of T>~^ have arbitrarily large weights. In line with 
|DLMil|, IDLMi2j . below we will calculate the correction terms directly using 
the modified weak associativity relation for twisted operators, as well as the 
simple result (I3.10p . Hence in this argument, the explicit action of A^, on 
vectors generating the representation of the algebra T>~^ is not of importance; 
all we need to know is that there exists such an operator A^^ giving to the 
space S'[z/] the properties of a twisted module for the vertex operator algebra 



In parallel to the previous sub-section, we need to introduce homogeneous 
twisted vertex operators. Being given a vertex operator algebra V and a 
twisted l^-module M, they are defined by 



Again, the most important property of these operators, for us, is the homoge- 
nous version of modified weak associativity for twisted vertex operators: 



S. 



Xm{u, x) = YmIx^^'^^u, x) {ueV) . 



(7.16) 



X 



1/p 




(7.17) 
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for u,v & V, s G Z, and k{u,v) as in Theorem 14 .61 Recall the definition of 
Y[u,y] in dEBD. 

Consider the vertex operator algebra 5* and its twisted module 5'[z/]. It is 
a simple matter to verify that Xsiu]{a{—l)l,x) = a'^{x), with 

a''{x) = J2 ol'{n)x-'' . (7.18) 

Consider now the following formal series, acting on 5'[z/]: 

L-'-'y^'y^x) = Xsiu] (^lY^Y[a,i-l)l,y,-y2]a,i-l)l,ey^x^ . (7.19) 

Since the operator ^J2q=iY[<yq{—^)^,yi — ?/2]Q;g(— 1)1 is in the fixed point 
subalgebra of S, it is immediate that these operators satisfy the same com- 
mutation relations as fl7.15p : 

[L'''y''y^xi),L'''y''y^{x2)] (7.20) 

2dyi\ ^ ' \ey^X2) ^ ' \ey^X2 ) 

A^(l-m-y2+y3m/^ \s ( + L'''y^-y^+y^'y^x2)s ( . 

2dy2\ ^ ' \ey'X2) ^ ' \ey^X2jJ 

Hence, defining the operators L''''^^''^^{n), ri, r2 G N, n G Z via 

L^;2/i'S/2(x) = 1- ^— r+ y L^''^i''^2(n)x-"^i^ (7.21) 

2 (ui — -Uo) rilro! 

\yi yz/ nGZ, ri,r2eN ^ ^ 

(in particular, only integer powers of x appear in this expansion), we conclude 
that they satisfy the same commutation relations as the operators U^''^'^{n) 
introduced in fl7.13p . Then, as in (I7.14p . we can expect that the correspon- 
dence 

c^rf (7.22) 

for n G Z, r G N gives a representation of the generators (17. 3p of the algebra 
T)^ on S[v\. Bringing this expectation to a proof needs a little more analysis 
(in particular, one needs to show that the L'^'^'^'^^ (n) are related to the L^'^'^(n) 
in the same way as the U^''^'^{n) are related to the L^'^{n)), which is done in 
detail in |DLMi2j . 

Now, by (17.171) we have 

1 / / 2ie^i-^2 _ A \ 



q=l 
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for any fixed A; G N, k >2, which gives 

1 d I ^-4 e p dim 



d o / P-1 ''(-i^l+"2) 



g=l \ k=Q 



e' 



(7.24) 

using 

q=l q=l \k=0 ^1 

Evaluating the operators L^'^'^{n) from fl7.2ip . we conclude that the operators 

1 

= ^EE-^''(^-^T:«,^(jK(n-j): 



2 



--^n.O E ^™ '3(fc)^2(r+l) (^/P) (7.25) 

fc=0 

form a representation, on S'[z/], of the generators 07.31) for the Lie algebra T)~^. 
Notice the appearance of the Bernoulli polynomials. From our construction, 
this is seen to be directly related to general properties of homogeneous twisted 
vertex operators. 

The next result is a simple consequence of the discussion above. It was 
shown in |DLMi2] . It describes the action of the "Cartan subalgebra" of T>^ 
on a highest weight vector of a canonical quasi-finite ©"""-module; here we are 
using the terminology of [KR]. This corollary gives the "correction" terms 
referred to in the introduction. 

Corollary 7.1 Given a highest weight -module W , let S be the linear 
functional on the "Cartan subalgebra" of f>^ (spanned by L^q^ for k E N) 
defined by 

where w is a generating highest weight vector of W , and let A{x) be the 
generating function 



A(x) = E 



(cf. IKRf ). Then for every automorphism v of period p as above, 

U{V^) ■ 1 C S[u] 
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is a quasi-finite highest weight V'^ -module satisfying 



r0 ^ /cx 

Ax) = -— > ^ 7.26 

^ ' 2dx^ 1-e^ ^ ' 

k=0 
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